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Revision Notes
Class 12 Maths
Chapter 8 — Definite Integration and Area

Definite Integration

1. Definition:
If F(x) is an antiderivative of f(x), then F(b)—F(a) is known as the definite

integral of f(x) from a to b, such that the variable x, takes any two independent
valuessay a and b.

This is also denoted as [ f(x)dx

Thus Lbf(x)dx =F(b)—F(a), The numbers a and b are called the limits of integration;
a is the lower limit and b is the upper limit. Usually F(b)—F(a) is abbreviated by

b
a:

writing F(x)

2. Properties of Definite Integrals:

l. Jqf(x)dx: - j'f(x)

b a
I. f(x)dx=| f(y)dy
a b
c b

1. .f(x)dxz 'f(x)dx+ J' f(x)dx, where ¢ may or may not lie between a and b.

a
a

IV.  [f(x)dx=[f(a - x)dx
o
V. f(x)dx=|f(a+b — x)dx

a a

t f(x) _a
@ j f(x)+f(a — x)dx 2

0
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p f(x) _b-a
(®) I f(x)+f(a+b — x)dx 2

a

VI. 2ff(x)dx:j'f(x)dx+j‘f(2a —X)dx
0 if f(2a — x) = —f(x)

- Zj.f(x)dx if f(2a — X) = f(x)

Vil i f(x)dx = Zif(x)dx If (=) =f(x)i.e.f(x)iseven

0 if f(—x) =—f(x)i.e.f(x)isodd
VI, I f(x) is a periodic function of period ‘a', i.e. f(a + x) =f(x), then

(@) rff(x)dx = njf(x)dx

(b) rff(x)dx =(n- 1)j.f(x)dx

b+na b
() j f(x)dx = j f(x)dx , where beR
na 0
b+a

(d) j f(x)dx independent of b.

b
b+na

() j f(x)dx = njf(x)dx , Where n el

b
b
IX. If f(x) >0 on the interval [a,b], then jf(x)dx >0.

b b
X.  If f(x) <g(x) on the interval [a,b], then '[ f(x)dx < j g(x)dx

XI.

Tf(x)dx

XII. I f(x) is continuous on [a,b], m is the least and M is the greatest value of f(x)

< jl|f(x)| dx

Rev. Notes Class 12 Maths Chapter-8 www.esaral.com



http://www.vedantu.com/
https://www.esaral.com/seo-pdf-ios
https://www.esaral.com/seo-pdf-android
Administrator
Rectangle


%’Sal‘al JEE | NEET | Class 8 - 10 Download eSaral App B (4)

on [a,b], then
m(b-a)< j)‘f(x)dx <M(b-a)

XII1. For any two functions f(x) and g(x), integral on the interval [a,b], the Schwarz-
Bunyakovsky inequality holds

_Tf(x).g(x)dx < \/ifz(x)dxjgz(x)dx

XIV. If a function f(x) is continuous on the interval [a,b], then there exists a point
ce(ab) such that

jlf(x)dx =f(c)(b—a), where a<c<b.

3. Differentiation under Integral sign:

Newton Leibnitz’s Theorem:
Given that x has two differential functions, g(x) and h(x), where x e[a,b] and f is

continuous in that interval, then

qd [ d d
| [t |=—hGoLF 0]~ = [909] £ [900)]

9(x)

4. Definite Integral as a Limit of Sum:
Let f(x) be a continuous real valued function defined on the closed interval [a,b] which

is divided into n parts as shown in figure.
N

y= f(X)

/

b
Fa
aatha+2h ............... a+{n-1)h a+nh=b
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The point of division on x-axis are

aa+ha+2h...a+(n-1)ha+nh, where %zh.

Let S, denotes the area of these n rectangles.

Then, S, =hf(a) + hf (a+h)+hf (a+2h)+....+ hf (a+(n—-1)h)
Clearly, S, is area very close to the area of the region bounded by
Curve y =1f(x), x-axis and the ordinates x=a, x=D.

n—o0

b
Hence j f(x)dx = LtS,

b n-1
j f(x)dx = Lt > hf(a+rh)

(@) We can also write
S, =hf(a+h)+hf(a+2h)+...+hf(a+nh)

o 555

(b) If a=0,b :1,jf(x)dx _ Lt ”ilf(ij

e Steps to express the Iimit of sum as definite integral
Step 1. Replace — by X, — by dx and Lt Zby_[

nN—o0

Step 2. Evaluate Lt (—) by putting least and greatest values of r as lower and upper
n

n—o0

limits respectively

For example LtZ f( j jf(x)dx

N—o0
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r
n

r
n

Lt

nN—o0

=0, Lt

n—o0

()

g

r=np p:|

5. REDUCTION FORMULAE IN DEFINITE INTEGRALS

T

2
. If Inz_[sin”xdx, then show that In=(
0

T

2
Proof: In=jsin”xdx
0

O 0 | A

T
1= ~sin"*xcosx |? +

NS

=(n-1) 'sin“‘zx.(l—sinzx)dx

]

2 2
(a) jsin”xdx = jcos”xdx
0 0

o502

n-3
n-2

n->5
n-4

(n—l n-3

J(Eice

Hence |, =

n-1n-3) n-5

(e

n n-2)\n-4

Rev. Notes Class 12 Maths Chapter-8

n-1
n

).

(n—1)sin"x.cos*xdx

. . TT
j....loor |, according as n is even or odd, |, =5 I, =1

1

T . .
.— If nis even
&
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i
I If 1, =Itan”xdx,then showthat I +1 , =
n-1
0

Proof: 1, = (tanx)"".tanxdx

O'—;-b\:l

Ll R B S

tanx )" (sec’x —1)dx
(tanx)

'(tanx)” ? sec?xdx (tanx)’ 2 dx

0

Ot [y

(tanx)""
=T —|n72
n-1
L 0
1
| =—— |
n n—l n-2
1
|+, =——
n n-2 n—l
;o m-1
M. Ifl . =IS|nmx.cos”xdx, then showthat I =——1__,,n
"o T om+n

O ey [ A

Proof: 1, = [sin™'x(sinxcos"x)dx

sin™*x.cos"x

n+1
m—1j

(m—1)sin™ ?xcosxdx

sin™2x.cos"X.cos*xdx

n+1

o'-—.m\;]
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Note:
m-1 m-3 m-—>5 : :
@Il ,=|l—||——|| ————— | .- l,,orl,, according as m is even or
' m+n)\m+n-2)\m+n-4 ‘ ’
odd.

T T

2
: 1
= Icos”xdx andl = jsmx.cos”xdx =—
‘ n+1l

(b) Walli’s Formula
(m-1)(m- S)Em -5)....(n-1)(n-3)(n-5).... when both m.n are even

(=) (m=3)(m=5)..nD(1=2)(1=5).
2

(where b>a) is given by
b b
A = [ly]dx = [[f(q|dx

(i) If f(x) >0vx e[ab]
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b
Then A= j f(x)dx

Y
¥ =1ix)

O X - axis X

(i) If f(x) >0vx e[a,c)&<0Vx e(c,b]

b
jydx

C

jydx

c b

Then A= = j f(x)dx — J f(x)dx where c is a point in between a and b.

+

A

-

0 &

X=a x = h

I1. The area bounded by the curve x =g(y), y-axis and the abscissae y=c and y=d
(where d>c) is given by

d d
A= [[x|dy = [|a(y)|dy

Y o

¥ - aXi5
-
L=
=

O
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1. If we have two curve y=1f(x) and y=g(x), such that y="f(x) lies above the
curve y=g(x) then the area bounded between them and the ordinates x=a and x=b
(b>a), is given by

A= _Tf(x)dx — ig(x)dx

I.e. uppercurvearea — lower curvearea .

.
! Yy =Jix)
/1 N
Ny L/
y=gi(x)
X=a x=h
0 X

IV.  The area bounded by the curves y=1(x) and y=g(x) between the ordinates
x=a and x =D is given by

c b
A= _[ f(x)dx + _[g(x)dx, where X =c is the point of intersection of the two curves.

\I' L

0O

V. Curve Tracing

It is necessary to have a rough sketch of the desired piece in order to locate the area

enclosed by many curves. The following steps are very useful in tracing a cartesian
curve f(x,y)=0.
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Step 1: Symmetry

(i) If all the powers of y in the equation of the given curve are even then the curve is
symmetrical about x-axis.

(i) If all the powers of x in the equation of the given curve are even then the curve is
symmetrical about y-axis.

(i) If the equation of the given curve remains unchanged on interchanging x and vy,
then the curve is symmetrical about the liney =x.

(iv) If the equation of the given curve remains unchanged when x and y are replaced
by —x and -y respectively, then the curve is symmetrical in opposite quadrants.

Step 2: Origin

If the algebraic curve's equation contains no constant term, the curve passes through
the origin.

The tangents at the origin are then calculated by equating the lowest degree terms in
the equation of the specified algebraic curve to zero.

For example, the curve y® = x® +axy passes through the origin and the tangents at the

origin are given by axy=0 i.e. x=0 and y=0.

Step 3: Intersection with the Co-ordinates Axes
(i) Find out the corresponding values of x by putting y=0 in the equation of the

given curve, to estimate the points of intersection of the curve with x-axis
(i1) Find out the corresponding values of y by putting x =0 in the equation of the

given curve, to estimate the points of intersection of the curve with y-axis

Step 4: Asymptotes

Find out the asymptotes of the curve.

(i) The vertical asymptotes of the given algebraic curve, or asymptotes parallel to the
y-axis, are derived by equating the coefficient of the highest power of y in the
equation of the supplied curve to zero.

(if) The horizontal asymptotes of the given algebraic curve, or asymptotes parallel to
the x-axis, are derived by equating the coefficient of the highest power of x in the
equation of the supplied curve to zero.

Step 5: Region
Find out the regions of the plane in which no part of the curve lies. To

Rev. Notes Class 12 Maths Chapter-8 www.esaral.com
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determine such regions we solve the given equation for y in terms of x or vice-versa.
Suppose that y becomes imaginary for x > a, the curve does not lie in the regionx > a

Step 6: Critical Points
Find out the values of x at which j—y =0
X

At such points y generally changes its character from an increasing function of xto a
decreasing function of x or vice-versa.

Step 7: Trace the curve with the help of the above points.
SOLVED EXAMPLES
DEFINITE INTEGRATION

Example-1
Evaluate the following integrals:

(i) idex

3 X
(in f O D)(x+2)
ANsS:

(i) ixzdx

T

)
27 8
3 3
19
)

X -1 N 2
(x+1)(x+2)_x+1 X + 2

(i)

[Partial Fractions]
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: X

-[(x +1)(x +2)
=[~log|x +1|+ 2log|x +2/]

=| —log|4|+ 2log|5| | [ —log|2|+ 2log[3|]
=[-log4+2log5]—[-log2+2log3]

=-2log2+2log5+1log2—-2log3
=—log2+1log25—1log9 =log25-1log18

dx

=log—
g18

Example-2

1-sinx
1+ sinx

2
Evaluate: I SecxX. dx
0

Ans:

1-sinx
1+sinx

dx

"
| = jsecx.
0

T
H 1—sinx [1—sinx

= | Secx. —, ——dx
’ 1+sinx V1+sinx

1-sinx
SecX —————dx

\J1-sin®x

1-sinx
= | secx ——dx
COSX

A a o

B3 Ot

Nl OF

(seczx — secxtanx) dx

T

Il
Ot N |3 OF

4
sec’xdx — J' secxtanxdx
0
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= [tanx]og — [secx]§
= (tan _ tanoj - (secE — sech
4 4

=(1-0)-(v2-1)=2-+2.

Example-3
1

Evaluate: I 5x* /x> +1dx
-1

Ans:

1
Let | = .[5x4\/x5+1dx
1

Put x> =t so that 5x*dx =dt.
When x=-1t=-1. When x=1,t=1.

1
= [Verldt
-1 X
(t+d)e | 2[, o]
55| o],
2 1
3
_2{22_0}_M_
3 3
Example-4

2
Prove that I Jsingcos’pd = %
0

Ans:

| = _qu/sincbcosf’q) do

Rev. Notes Class 12 Maths Chapter-8 www.esaral.com
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o
Qo
w
~
<
(@}
o
w
=
o
=

Ot N [H O3

sing

JJsing (1- sin2<1>)2 coshdd

Put sing =t so that cos$¢dd =dt.
When ¢=0,sin0=t=t=0

When ¢:£,sing:t:>t:1

1

1
jﬁ jﬁ(—2t2+t4)dt
0
101
j[tz 2t2+t2Jd
0
BEREE
2 t2 t2
ERREAST!
2 2 2]
3 7 ump
— Etg_ﬂti_kgtf
3 7 11 |
2. 4, 2
=[£(1)-2(1)+=(1) |-[0o-0+0
205w+ 20 |-0-0s0)
_2 4 2
3 7 11
154-132+42 64
- 231 231
Example-5
2 2
Evaluate:j(x_zl)exdx or Iex[l—%]dx
1 X 1 X X

Ans:
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X
= l.eX —j(—izje dx — _[iz.exdx [Integrating first integral by parts]
X X X
1
== =F(xX
e =F(x)
2 1 X 2
J(X_Z ]exdx :{e—}
1 X X 1
Lo lale
2 2
AREA UNDER THE CURVES
Example-1
Find the area bounded by the curve y = x> —5x+ 6, X-axis and the lines x=1 and
4,
Ans:

For y=0,we get X’ +5x+6=0=>x=2,3

Hence the curve crosses X-axis at X =2,3 in the interval [1,4].
2 3 4

_[ ydx jydx _[ ydx
1 2 3

+ +

Bounded Area=

Y ‘]“

P

Q |
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4(x2 —5X +6)dx

3

2 (x2 —5x+6)dx

1

Al:{23;13}—5[22;12J+[6(2—1)}:%

3 3 2 2
A2:3 —2 —5[3 —2 ]+6(3—2):—%

3 (x2 —5x+6)dx

2

+ +

= A=

3 2

3 a3 2 A2
A=2"% 5[ F 3] 6(4-3)=2

3 2 6
:>A:§+ 1 +§:Esq.units

6 6| 6 6
Example-2
Find the area bounded by the curve: y =+/4—x, X-axis and Y-axis.
Ans:

Trace the curve y=+/4-X.

1. Put y=0 in the given curve to get x =4 as the point of intersection with X-axis.

Put x =0 in the given curve to get y =2 as the point of intersection with Y-axis.

2. For the curve, y=+/4-x,4—x>0

=x<4
= curve lies only to the left of x =4 line.
3. As any Yy is positive, curve is above X-axis.

Y
A

1%

]
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Using step 1 to 3, we can draw the rough sketch of y=+/4 —x

4 4
In figure, Bounded area:j\/4—xdx :‘_?2(4—x)\/4—x
0

16 i
= —=s(.Units
. 3

Example-3
AOBA is the part of the ellipse 9x*+y®=236 in the first quadrant such that
OA =2 and OB =6. Find the area between the arc AB and the chord AB.

Ans:

The given equation of the ellipse can be written as
2 2 2 2

X—+y—:1i.e.—2+y—2:1
4 36 2° 6
Y
B (0.6)
< : —>»X
2 Koja (2.0)
"

A is (2,0) and B is (0,6).
The equation of chord AB is:
6-0
-0=——(x-2
Y O—Z(X )
= y=-3X+6.

Reqd. area (shown shaded)

= isﬂdx -~ j‘(6 —3x)dx

2 2
=3 X4—X+ﬂsin‘1§ _ 6X—3L
2 2 2] 2 |,
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:3:2xﬂ—[12—6]

= (37t — 6)sq.units

Example-4

3(4)

_3 %(o)+25in1(1)}—{6(2)—7}

Find the area bounded by the curves y = x* and x° +y* =2 above X-axis.

Ans:

Let us first find the points of intersection of curves.
Solving y = x* and x* + y* =2 simultaneously, we get:

x?+xt=2
= (x*-1)(x*+2)=0
= x* =1and x* = -2 [reject]

=X==1
= A=(-1,1) and B=(11)

Shaded Area= T(\/Z —x% - xz)dx
1
= T\/Z —x%dx — +fxzdx
1 1
= Zj\/Z—xzdx—ijzdx
0 0

1
X 2 . X
=2 —\/2—x2+—sm‘1—} —2(
[2 27 2],
=2 1+E —2:l+£sq. units
2 4) 3 3 2
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