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Revision Notes

Class - 12 Maths
Chapter 2 - Inverse Trigonometric Functions

Domain and range of all inverse trigonometric functions

Function Domain Range
1. y=sin?x ifx=siny —1<x<1 [_E E}
2'2
2. y=costx if x=cosy -1<x<1 [0,7]
3. y=tan"'x ifx =tany —00 <X <00 (_E Ej
2'2
4. y=cot™x if x=coty —0<X <0 (0,m)
— Iy ifx = —oo,—1] U],
5. y=cosec 'x if x = cosecy (=00, —1]U[L,0) [—E,Oju(o,ﬂ
=secix ifx = —o0,—1] U],
6. y=sec™x if x =secy (—o0,—1] U[L,) [O’EJU(E’R}

e We must note that inverse trigonometric functions cannot be expressed in
terms of trigonometric functions as their reciprocals. For example,

" 1
sin~ X #——.
sin X
e The principal value of a trigopnometric function is that value which lies

in the range of principal branch.
e The functions sin™ x & tan™x are increasing functions in their domain.
e The functions cos™x & cot™ x are decreasing functions in over domain.

Graphs of inverse trigonometric functions

a) Graph of sin™*x is shown below,
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Y
2
-15 -1 -05 05 1 x5
sin~ ()
=2

b) Graph of cos™x is shown below,

Y
™

-1 -0.5 0 05 1 €15

Rev. Notes Class 12 Maths Chapter- 2 www.esaral.com



http://www.vedantu.com/
https://www.esaral.com/seo-pdf-ios
https://www.esaral.com/seo-pdf-android
User
Rectangle


¥Sa ral JEE | NEET | Class 8 - 10 Download eSaral App [

c¢) Graph of tan™x is shown below,

-5 —4 -3 -2 -1 1 2 T 3 4 5

tan| " (x)

=

d) Graph of cosec™x is shown below,

cosec” (x)

=
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e) Graph of sec™x is shown below,

=

f) Graph of cot™x is shown below,

=T
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Properties of inverse trigonometric functions

1. Property |
a) sin‘{lJ cosec”'x, for all x e (—o0,1]U[1,)
X

Let us prove this by considering cosec’x=60 ...... (1)
Taking cosec on both sides,

X =CcosecO

Using reciprocal identity,

:E:sine
{-.-XG(_OO,_l]u[l,oo)}:»i [-11]{0}
cosec‘lx:ejee{—g ﬂ—{o}

:O:Sin‘l(ij ...... (ii)
X

From (i) and (ii), we get

- 1 1 -1
SIn °| — [=C0SecC X
X

Hence proved.

b) cos‘{l] =sec™ X, for all x e (—o0,1]U[1,x)
X
Let us prove this by taking sec*x=6 ...... (i)
Taking sec on both sides,
— X =5eco
Using reciprocal identity,
1
— —=C0s0
X

= 0=cos™ (%} ...... (ii)

Then, x & (-o0,1]U[L ) and ee[O,n]—{g}
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Y = (—oo,—l] u [1100)

== e[-11]-{0} and 0 [0,7]

From (i) and (ii), we get

cos™ (lj =sec™(x)

X

Hence proved.

0 tan‘l(lj— cot ' x, for x>0
X —n+cot™x, forx<0

Let us prove this by taking cot™x=0. Then xeR,x =0 and 6 [0, 7]

Now there are two cases that arise:

Case I: When x>0
In this case, we have 0 e (Ogj

Considering cot™*x =0

Taking cot on both sides,
= X=coto
Using reciprocal property,

:>£=tane
X

0= tan‘l(ij ...... (i)
X
From (i) and (ii), we get { oe (Ogj}

1
tan‘l(—j =cot™x, forall x>0
X

Case Il: When x<0
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eeﬂ_nj - = e<

Now, g<e<n

:>—£<9—n<0
2

=0-me (—E , 0]
2

scottx=0
Taking cot on both sides,
= X=coto
Using reciprocal property,
= 1 =tano

X

1
:>;=—tan(7c—9)

:%z tan(6-m) {.tan(n—6)=—tano}

el e 39)

= tan‘l(—j =—n+0 ... (iii)
From (i) and (iii), we get
tan‘l(lJ =-—m+cot™x, if x<0

X

1 cot'x, forx >0

Hence it is proved that tanl(—j _{

X —n+cot™x, forx <0

2. Property 11
a) sin™'(-x)=-sin"(x), for all xe[-11]
b) tan”'(-x)=—tan"'x, for all xeR

c) cosec™ (—x)=—cosec™'x, for all x & (—w0,-1]U[1,0)
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Clearly, —x e[-1,1] for all x e[-1,1]
Let us prove a) by taking sin™(-x)=6
Then, taking sin on both sides, we get
—X=sin® ...... )

= X=-SIn0
= X =sin(-0)

—-0=sin’x

{-.-x e[-11] and _ee[—g,ﬂ for all ee{_g’ﬂ}

=0=—sin"X ...... (ii)
From (i) and (ii), we get
sin™ (—x)=-sin™(x)
Hence proved.

The b) and c) properties can also be proved in the similar manner.

3. Property 111

a) cos™(—x)=mn—cos(x), for all xe[-11]

b) sec™(—x)=mn—sec™x, for all x (—o0,~1]U[L o)
c) cot™(—x)=n—cot™x, for all xeR

Clearly, —x e[-1,1] for all x e[-11]
Let us prove it by taking cos™(—x)=6 ...... (i)

Then, taking cos on both sides, we get

—X =C0S0

— X =-C0S0

= X =cos(n—0)

{ X e [—1,1] and t—0¢ [O,TE] forall 0 e [O,TE]}
CoOS " X=mn—0

=>0=m—C0S"'X ...... (ii)
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From (i) and (i), we get

cos™(-x)=mn—cos™(x)
Hence Proved.

The b) and c) properties can also be proved in the similar manner.

4. Property 1V

a) sin"'x+cos'x = g ,forall xe[-11]

:g—GE[O,n]

Now we consider sin™'x =0
Taking sin on both sides, we get
=X =sIino

Changing functions, we get

:x:cos(ﬁ—ej
2

—costx=2_9

2
{ x <[~11] and (g _ ej c [O,R]}
:>6+cos‘1x:g ...... (ii)
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From (i) and (i), we get
sin' X +cosx = g

Hence proved.

b) tan™" X +cot™ x =g, forall xeR

Let us prove it by taking tan"x =0 ...... (i)
Then, ee(—ﬁ,ﬁj [xeR}
2 2
SN, P
2 2
—--Zc <
2 2

:>O<E—9<n
2

:{g—ﬁ)e(o,n)

Now consider tan*x =0
Taking tan on both sides, we get
= X=tan0

:x:cot(E—ej

2

= cot X =——0 {-.-E—GE(O,TE)}
2 2

—0+cotix= g ...... (i)
From (i) and (ii), we get

_ _ T
tan~' x + cot 1x:E

C) sec™ X +cosec X = g for all x e (—o0,—1]U[L )

Let us prove it by taking sec*x=0 ...... (1)
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Then, 6 [0, ] {g} { X € (—o0,—1] U [1,00)}
=0<06< n,eig

:—ng—eso,eig

— I 9< T 920
272 2'2

:(E_eje[_z,ﬂﬁ_eio
2 2 2|2

Now considering sec™*x =0
Taking sec on both sides, we get
= X =s5ecH

7T
= X :cosec(z—ej

_ T
— COSec lx=§—6

SEURESHES

_ T ..
= 0+Cc0SeC'X== ....... (ii)
2

From (i) and (ii), we get

1 1 _TC
SeC "X +CosecC X—E

5. Property V

a) tan' x+tan'y =tan™’ X+ Xy <1

b) tan'x —tan'y = tan‘llx — 2 xy>-1

c) tan'x+tan'y =m+ tan‘l(lxjj,xy >1;X,y=0
X

Let us prove a) by taking tan " x=0 and tan"'y =¢.

Taking tan on both sides for both terms, we get x =tan6 and y=tan¢.
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Using formula for tan(A+B)= tan A + tanB , We can write
1-tanAtanB
tan(e+¢): tan 6 + tan¢
1-tanOtan¢
Writing in terms of x and vy,
X+Y
tan(6+¢)=
(0+0)=173
:>e+¢:tan‘1£X+y]
1-xy
Therefore tan*x +tan'y =tan™ X*y Xy <1.

Hence proved.
The properties b) and c) can be proved in similar manner by considering y as

—y and y as x respectively in the above proof.

6. Property VI

a) 2tan* x=sin™ 2X X/ <1
1+ x?
2

b) 2tan* x =cos™ ,X>0
1+ x?
2X

c) 2tan*x=tan"—— -1<x<1

Let us prove a) by taking tan " x =Y.
Taking tan on both sides, we get

X=tany
b ., 2tany
We can write sin > assin” ————.
1+x 1+tany
: : 2tan x
Using formula sin2x = ta—Z’ we get
1+tan“x

sin’l1 2X ~=sin""(sin2y)
+X

Using sin™(sinx) =X, this can be written as

sin™*

1+ x? =2y
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—sin* =2tan*x

1+ x°

Hence proved.
The same process can be followed to prove properties b) and c) as well.

7. Property V1l

a) sin(sin"x)=x, for all x e[-1,1]

b) cos(cos™x)=x, for all xe[-11]

c) tan(tanflx) =x, forall xeR

d) cosec(cosecflx) =x, for all x e (~o0,~1]U[L )
e) sec(sec‘lx):x , for all x & (—o0,~1]U[1,00)

f) cot(cot *x)=x, for all xeR

Let us prove a). We know that, if f: A — B is a bijection, then f*:B—> A
exists such that fof *(y)=f(f*(y))=y forall yeB.
Clearly, all these results are direct consequences of this property.

Aliter: Let ee[—g,ﬂ and x e[-11] such that sin@=x.

Taking sin on both sides, 8 =sin™x
- x =sin@ =sin(sin"x)
Hence, sin(sin‘lx):x for all x e[-1,1] and we proved it.

We can prove properties from b) to f) in a similar manner.

It should be noted that, sin™(sin6) =0, if g[—ﬁ E]

22
Let us understand this better. The function y =sin™(sinx) is periodic and has
period 2.

To draw this graph, we should draw the graph for one interval of length 2z and
repeat the entire values of x.
As we know,
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X; —gSXSg
sin”(sinx) = 3
(m—x); _Egn—x<z(| e.,ESXS—ch
2 2 2 2
x, -Z<x<Z
=sin~(sinx) = 2 32
T —X, ESXS—TE,
2 2

This is plotted as

Repeated curve

Repeated curve

T
___________________ y:—
ettt e shatailallklel plalal v gl - -»>
/t\j "\\ 2
‘ "
y=x+2n¢s AN K Sy=3r—ux
= .
R4 \‘ L =4 ’ A > ICO?':(}‘:O
,' * m Fi ) \‘ .
AN s y=-m—az% 2 y=a-—2n s/
\‘ ’( \‘ \" .
i ¥ . AL L LT T | PR Py = _5

Thus, we can note that the graph for y :sin‘l(sin x) Is a straight line up and a

straight line down with slopes 1 and —1 respectively lying between [—gﬂ

The below result for the definition of sin™(sinx) must be kept in mind.

X+ 27 —S—RSXS—B—Tc

2 2

rex, —Tey< T

2 2
. . T 7T
=sin*(sinx)=4{X; ——<x<=
y (sinx) 5 ;
nox Fex<l®
2 2

X — 2T %SXS%...andsoon
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Now we consider y =cos™(cosx) which is periodic and has period 2.

To draw this graph, we should draw the graph for one interval of length 27 and
repeat the entire values of x of length 2%

As we know,

X; 0<x<m

COSl(COSX):{Zn—X' 0<2n—X<m

3 X; 0<x<m
=>C0s " (CoSX) =
2n— X, T<X<2m,

Thus, it has been defined for 0< x <27 that has length 2.
So, its graph could be plotted as;

Y
' 3
(m, m)
.......... A - ----------_“.__----____b y —
£ LA Y
’ \ ’,’ . SN
’ ) T
'L+-17T,' % .c+u7;, . r ¢ —2ms \Am—z
’ \ ’ —3’:‘\ 2r —w ;' \J
¢ \ ’ \
¢ =21 — ' ’ b ! ‘
’ . ‘ s \
ol v/ \\ e e
“ t b ¢ p zory =0
0 T 2T 3 4m

Thus, the curve y =cos™(cosx) and we can not the results as
—X, if xe [—n,O]
X, if x [0, 7]

cos*(cosx) =
( X) 21— X, ier[n,Zn]

—2n+X, ifxe [27,3n] and so on.

Next, we consider y =tan™(tanx) which is periodic and has period =.

To draw this graph, we should draw the graph for one interval of length = and
repeat the entire values of Xx.

We know tan‘l(tan x) = {x;—g <X< g} . Thus, it has been defined for

—g <X< g that has length .
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The graph is plotted as

Thus, the curve for y=tan*(tanx), where y is not defined for x e (2n+1)=

The below result can be kept in mind.

3t T«
-n—X, Ifxe|—,——
53]
X, if xe —gg}
tan™'(tanx) = - ;
X—-m, Ifxe E n}
1272
X—2m, iIfxe 3—n5—} and so on.
2 2

Additional formulas
a. sin" x+siny =sin 1(x 1-y* +yJ1-X )

b. sin"x—sin""y =sin 1( —yV1-X )

C. COS'X+C0S™y=CoSs (xy - \/1— X \/1— y? )

d. cosx~cos ty =cos™ xy + V1-x" -y’
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e. tan'x+tan'y+tan'z :tan‘{ Xry+z-xyz } if

1-Xxy—yz—-2zX
Xx>0,y>0,z>0&Xxy+Yyz+2zx<1
f. tan'x+tan'y+tanz=n when X+Yy+z=xyz

g. tan‘1x+tan‘1y+tan‘1z:g when xy +yz +zx =1

. . . 3n
h. sin"x+sin""y+sin 1z=7;x:y=z=1
i. cos'x+cos'y+costz=3m x=y=2=-1

j. tan"l+tan'2+2tan"3=tan "1+ tan1%+ tan™

1=
3 2
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