Class XII Chapter 1 - Relations and Functions Maths

Letf: {1,3,4}y > {1,2,5}andg: {1, 2,5} —» {1, 3} begiven by f = {(1, 2), (3, 5),
(4, N}y and g = {(1, 3), (2, 3), (5, 1)}. Write down gof.

Answer

The functions f: {1, 3,4} —» {1, 2,5}y and g: {1, 2, 5} — {1, 3} are defined as
f=4{(1, 2),(3,5), (4, 1)y and g = {(1, 3), (2, 3), (5, 1)}.

;-rtf( g(r(1)=2(2)=3 [ f(1)=2andg(2)=3]
gof (3)=g(/(3))= ;,{5 = [/(3)=5andg(5)=1]
gur{4 e(/(4)=¢ [£(4)=1and g(1)=3]

s gof ={(1.3).(3.1) {4 1)‘

Let f, g and h be functions from R to R. Show that
{f I g]ﬂh = foh+ goh

(f-g)oh=(foh)-(goh)

Answer

To prove:

(f +g)0h = foh+ goh

Consider:

((f +g)oh)(x)

=(f+g)(h(x))

= f(h(x))+g(h(x))

- (foh)(x) + (o) ()

= {(foh)+(goh)}(x)

A +g)oh)(x)={( foh)+(goh)}(x) YxeR
Hence, (f +g)oh= foh+ goh.
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To prove:

(f-g)oh=(foh):(goh)

Consider:

(£ g)on)(x)

=(f-2)(h(x))

= f(h(x))-g(h(x))

=(foh)(x).(goh)(x)

={(foh).(goh)}(x)

(/- g)oh)(x)=1{( foh).(goh)}(x) ¥xeR

Hence, (/- g)oh = foh)-( goh).

Question 3:

Find gof and fog, if

0 f(x)=|x| and g(x)=5x-2|

iy £ (x)=8x" andg(x) =

Answer

0 f(x)=|x| and g(x)=|5x-2|

~(8of)(x) = g(f ()= g (|x]) =|3][+1-2]
(fog)(x) =1 (g(x))= £ (|5x~2)) =[5~ 2] =[5x~2

(i f{x}=8_r"‘ and g(x)=x’

c(gof)(x)=g(f(x))=2(8x")= (gf}s _ay
{--ﬁ‘g){x}=f(£{x}}=f[xl]=s[x;]' —8x

Question 4:
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(4.1—3}
= Y& — o

/(%) 6x—4)"
’ , show that f o f(x) = x, for all 3 . What is the inverse of f?

If

Answer

—

(4x+3)

X #—

fx)= 6x—4)

It is given that {

(fof )(x) = _f'(_f'[.v]}— f.[-tl.r+31

L bx—4 )

";4,(+3\+

_ kEr.r—-—iJ ’ _16x+12+18x—-12  34x
dx+3) 24x+18-24x+16 34
6 J 4

L 6x—4

4

¥
Therefore, fof (x)=x. forall x = %
= fof =1

Hence, the given function fis invertible and the inverse of fis f itself.

State with reason whether following functions have inverse
(i) f: {1, 2, 3, 4} — {10} with

f={(1, 10), (2, 10), (3, 10), (4, 10)}

(ii) g: {5, 6, 7,8} - {1, 2, 3, 4} with

g =1{(5,4),(6,3),(7,4), (8, 2)}

(iii) h: {2, 3,4, 5} - {7, 9, 11, 13} with
h={(2,7),(3,9), (4, 11), (5, 13)}

Answer

(i) f: {1, 2, 3, 4} — {10}defined as:

f={(1, 10), (2, 10), (3, 10), (4, 10)}

From the given definition of f, we can see that fis a many one function as: f(1) = f(2) =
f(3) = f(4) = 10

~fis not one-one.

Hence, function f does not have an inverse.

(ii) g: {5, 6, 7,8} - {1, 2, 3, 4} defined as:
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g =1(5,4),(6,3),(7,4), (8, 2)}

From the given definition of g, it is seen that g is a many one function as: g(5) = g(7) =
4.

~g is not one-one,

Hence, function g does not have an inverse.

(iii) h: {2, 3,4, 5} —» {7, 9, 11, 13} defined as:

h=4{2,7),(3,9), (4, 11), (5, 13)}

It is seen that all distinct elements of the set {2, 3, 4, 5} have distinct images under h.
~Function h is one-one.

Also, h is onto since for every element y of the set {7, 9, 11, 13}, there exists an
element x in the set {2, 3, 4, 5}such that A(x) = y.

Thus, h is a one-one and onto function. Hence, h has an inverse.

J(LT}: { T '}}
Show that f: [-1, 1] — R, given by " T/is one-one. Find the inverse of the
function f: [-1, 1] —» Range f.
. 2y
f(x)=— X = (1-)
(Hint: For y eRange f, y = x+2 , forsome xin[-1, 1], i.e., -0
Answer
. X
flx)=

Y
f: [-1, 1] - Ris given as (x+2)

Let f(x) = f(y).

x ¥
x+2 y+2

p—]

= xy+2x=xy+2y

= 2x=2y

= x=y

~ fis a one-one function.

It is clear that f: [—1, 1] — Range fis onto.

~ f: [-1, 1] — Range fis one-one and onto and therefore, the inverse of the function:
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f: [-1, 1] — Range f exists.

Let g: Range f — [—1, 1] be the inverse of f.
Let y be an arbitrary element of range f.
Since f: [-1, 1] — Range fis onto, we have:

y=f(x) forsame x e[-1, 1]

= y= i

x+2
—xy+2y=x

;‘>II[|—IL'} =2y

2v
S L=l
-
Now, let us define g: Range f —» [—-1, 1] as
2y
= vzl
g(v) oy
2“" ¥ 1
v x+2 2x 2x
Now, {gof)(x)=g(f(x))=¢g = 4 = =""=x
(go/)(x)=g(/(x)) "[’[Hz; R BTN
x+2
2y
'KEIFN‘_ |-y 2y 2y

,|_ "}I-ln :-'], : I:—:}.‘
'kl__]"J A | 2y+2-2y 2
-y

(o) (1) = £ (2 ()= /]

I
~gof = [l and fog = L
. f_l = g

)=y

= -y

Consider f: R — R given by f(x) = 4x + 3. Show that fis invertible. Find the inverse of f.
Answer

f: R — Ris given by,

f(x)=4x + 3

One-one:
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Let fi(x) = f(y).

= dx+3=4y+3

=4x =4y

= Xx=y

~ fis a one-one function.
Onto:

Forye R, lety = 4x + 3.
3

v

=X = =R
3
x= 2 R

Therefore, for any y € R, there exists 4 such that

: (¥=37 (»y-3"
fx)=1: J—-i[ - +3=y.

"-. 4 Y, 4 K

~ fis onto.

Thus, fis one-one and onto and therefore, f ! exists.

. E[l]: =3
Let us define g: R— R by 4
Now, (¢9/)(x) =&/ (¥) = g (4 +3) = I
3 =1
(ﬁﬂg){.l-')=f(g{}')]=f(‘]' J=4[‘—?H-a=u 343=)

. gof = fog =1,
Hence, fis invertible and the inverse of fis given by

.f"'{}']=g{_1-‘}=¥-

Consider f: R, — [4, o) given by f(x) = x*> + 4. Show that fis invertible with the inverse

_1"} = «,.nll_'l-' —4

1
f ! of given f by /A

Answer

, where R, is the set of all non-negative real numbers.

f: Ry — [4, o) is given as f(x) = x* + 4.
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One-one:

Let f(x) = f(y).

= x +4=)"+4

= .TE = J..’:

= x=y [asx=yeR,]

~ fis a one-one function.
Onto:
For y € [4, ), let y = x* + 4.

=x =y-4=( [as_y«‘éfi]
—x=.y-420
Therefore, for any y € R, there exists VI=4ERh that

flx)= f(\fl’ ) ( y- 4} +4=y—4+4:_1-'.

~ fis onto.
Thus, fis one-one and onto and therefore, f ! exists.

Let us define g: [4, ) — R, by,
g(y)=yy—4
Now. gof (x) =g/ (x))=g(~ +4) u("‘ —4) 4=x* =x

And. fog (v)= 1 (2(1) = £ (V3 =8) = (Vp=8) +4= (=) 4=y

Lgof = fog=1Ig,
Hence, fis invertible and the inverse of fis given by

() =g(y)=y-4

tan"' /3 —cot™ [—\E)

Find the values of is equal to
_r
(A)n(8) 2(c)o0(p) 23

Answer
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H

tan x = v3 = tan = where = E[ ki RJ
[ oM Ty Al atalf
Lettan ' V3=x qpen 3 3\ 272
. Tom)
tan 15 ——,;J.
We know that the range of the principal value branch of 22
Sotan”! 3:E
3
ot 3V =
Lot cot ( 1.3)—_1- '
. = () T Sn Sm
Then, coty =—+/3 =—cot| — | =cot| 1—— |=cot— where — & (0, 7).
L6 6 ) 6 6
I
The range of the principal value branch of cot 18 {U' rr},
N R &
oot (=3 =—
(~3)=~
= ( n 5Snr 2n-5n -3n 8
sotan”' /3 —cot '(—«.E]:———: L

The correct answer is B.

Consider f: R, — [—5, ) given by f(x) = 9x* + 6x — 5. Show that fis invertible with

(Vy+o6)-1

I (y)= 3

Answer

f: R, — [—5, o) is given as f(x) = 9x* + 6x — 5.
Let y be an arbitrary element of [-5, ).

Let y = 9x® + 6x — 5.

= y=(3x+1) =1-5=(3x+1)’ -6

:>{3x+1]: =y+6

=3x+1=y+6 [asy=-5=y+6>0]

_ Jy+o-—1

-

. ]

—= X
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~fis onto, thereby range f = [-5, ).

g(y)

Let us define g: [-5, ©) — R, as

_Jy+6-1
-dreosl

We now have:
(gof)(x) = g(f(x)) = g(9x" +6x-5)
g({h’—l}: ~6)
sy 6461
- 3
3x+1-1

And,(fog)(y)=f(g(»)) = f.l @1

gof =1, and fog=l.,

Hence, fis invertible and the inverse of fis given by

F(y)=g(y)=Y2

Let f: X — Y be an invertible function. Show that f has unique inverse.

(Hint: suppose g; and g, are two inverses of f. Then forall y € Y,

fogi(y) = Iy(y) = fog.(y). Use one-one ness of f).
Answer

Let f: X — Y be an invertible function.

Also, suppose f has two inverses (say g andg, ).

Then, for all y €Y, we have:
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= g, {_1' =g, [}»] [_f' is invertible = [ is une—une]
=g, =g, [g i$ Une—r.me]

Hence, f has a unique inverse.

Consider f: {1, 2, 3} — {a, b, ¢} given by f(1) = a, (2) = b and f(3) = c. Find ! and
show that (F1)™! = f.

Answer

Function f: {1, 2, 3} — {a, b, c} is given by,

f(1) =a,f(2) =b,and f(3) =c

If we define g: {a, b, ¢} —» {1, 2,3} asg(a) = 1, g(b) = 2, g(c) = 3, then we have:

(fog)(a)=r(gl a]} (1)=c
Al

{_.fﬂg} } flg(b))=r(2)=b
(fog)(c) = 7(e(e))= 7(3) =c
And,

(gof)(1)= HU'“]}— gla)=1
(gof)(2)=g(f(2))=g(k)=2
(gor)(3)=2(/(3))=2(c)=3

gof =1, and fog =1, , where X = {1, 2, 3} and Y= {a, b, c}.
Thus, the inverse of f exists and ! = g.

~ft: {a, b, c} - {1, 2, 3} is given by,
Fia)=1,fFb)=2,fc)=3

Let us now find the inverse of ! i.e., find the inverse of g.

If we define h: {1, 2, 3} — {a, b, c} as

h(1) = a, h(2) = b, h(3) = ¢, then we have:
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(hog)(a) fr{g{u]‘] h(l)=a
(hog)(b)=h(g(b))=h(2)=b
(hog)(c)=h(g(c))=h(3)=c

goh=1, and hog =1,

Thus, the inverse of g exists and g™t = h = (F )™ = h.
It can be noted that h = f.
Hence, (F1)™!' =f.

Let f: X — Y be an invertible function. Show that the inverse of f ! is f, i.e.,

(f‘l)‘1 =f.
Answer

Let f: X — Y be an invertible function.

Then, there exists a function g: Y — X such that gof = Iyand fog = I,.

Here, f ! = g.

Now, gof = Iyand fog = Iy

= flof = Iyand fof 1= 1,

Hence, f!: Y > X is invertible and f is the inverse of !
ie., (FY) ™ =f

If : R — R be given by fx)=(3-x }1 then fof(x) is
1
(A) X' (B) x* (C) x (D) (3 — x?)

Answer

,where X ={1,2,3}Yyand Y ={a, b, c}.
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) |
f: R —» R is given as / (x}={3—x' } .

f(x)=(3-x)

fof(JL} =X

The correct answer is C.

4

I R—{—E}—y R Fx)=—2
Let be a function defined as
/= R- {—ilgivcn by
Range 3J
3y 4y
€)= e
(A) 3—4_]." (B) 4—3_]."
4y 3y
20)7 s e
Answer
4 ) . 4
I R—{——}—} R is defined as /' (x) = - a—
It is given that 3 3x+4

Let y be an arbitrary element of Range f.

4
R_{_E} y=[f(x)
Then, there exists x € such that = < 7
dx
BEEETTY
DA ror-{-3 e
= x(4-3y)=4y Let us define g: Range 3) a5 4-3y
— X = 4’.
4-3y

3x+4  The inverse of fis map g:
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“”-”(-f?=ﬁ(.f{xnﬂ[ . J

Now, 3x+4
4 dx
B Ix+4) 16x _161‘_‘(
- ===
4_3( 4x J 12x+16-12x 16
3x+4

And*{_}"ﬂﬁ}{i’}=-II(H{~]?})="{[ 4 ]

4-3y
4 4-”] |
3 4-3y ) 16y _lh}'_v
N :w] 12y+16-12y 16 -
3 —— |+4
l‘\‘q'_..jj':

gqf: l { 4] Hnd1ﬁ'.lg = ]Ram:..- f
rol_41 ge
]

Thus, g is the inverse of fi.e., f! = g.
4
/- R—{——

Hence, the inverse of fis the map g: Range

4y
V)=——.
s)=173;

The correct answer is B.

3} , which is given by
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