Chapter 10

(\;/ ECTOR ALGEBRA)

10.1.1 A quantity that has magnitude as well as direction is called a vector.

10.1 Overview

a N
10.1.2 The unit vector in the direction of & isgiven by Al andisrepresented by 3.

10.1.3 Position vector of a point P (x, y, 2) is given as OP=xi +y j+zk and its
magnitude as |OP| =+/x? + y? + z2 , where O isthe origin.

10.1.4 The scalar components of a vector are its direction ratios, and represent its
proj ections along the respective axes.

10.1.5 The magnituder, direction ratios (a, b, ¢) and direction cosines (I, m, n) of any
vector are related as:

a b c
l=—, m=—,n=—,
r r r

10.1.6 Thesumof thevectors representing the three sides of atriangletakenin order isO

10.1.7 The triangle law of vector addition states that “If two vectors are represented
by two sides of atriangletakenin order, then their sumor resultant isgiven by thethird
side taken in opposite order”.

10.1.8 Scalar multiplication

If & isagiven vector and A ascalar, then A @isavector whose magnitudeis|A a|=[A|

|& ] Thedirectionof A & issameasthat of & if A ispositiveand, oppositetothat of aif
A isnegative.



VECTOR ALGEBRA 205

10.1.9 Vector joining two points

If P, (x,y,,z) and P, (x,, ¥,,Z) are any two points, then

PR =(%-x)i+(Y,- V)] +(z-2)k

IPP; 1= (% = %) +(Y, - V) + (2, - 2)°
10.1.10 Section formula

The position vector of apoint R dividing the line segment joining the points P and Q
whose position vectorsare 3 and p

na+mb
m+n

(i) intheratiom:ninternally, isgiven by

mb - na
(i) intheratiom: nexternaly, isgiven by m—n

.. ab ~
10.1.11 Projection of daong b is _|B| and the Projection vector of aalong b
 Ua.pL.
ISH—= b.
9bIE
10.1.12 Scalar or dot product

The scalar or dot product of two given vectors @ and p having an angle 6 between
themisdefined as

d.b=|a||b|cosb
10.1.13 Vector or cross product

The cross product of two vectors dand b having angle 8 between them is given as

axp=|allb|sn® A,
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where 7 isaunit vector perpendicular to the plane containing & and b and a,b, A
form aright handed system.

10.1.14 If @ = ai +a, | +a,k and b= b{ +b, ] +b,k are two vectors and A is
any scalar, then

8+ b= (a,+h)i +(a, +b,) | +(a+h)k
AE= (ha)i+(ha,)j+(Aa)k
d.b=a b+ab,+ab,

A~

O

jA
axb= 2 B Gl = (be, -be)i +(ac -cc) ] + (@b, -ab) K
a, b,

Angle between two vectors dand bis given by

10.2 Solved Examples
Short Answer (SA)

Example 1 Find the unit vector in the direction of the sum of the vectors

d=2i-j+2k and b=-{ + j+3k.
Solution Let € denote the sum of d and b. We have
C= (2 -]+2K)+(—F+]+3Kk) = i +5kK

Now |C|:\/12+52 :\/276.
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Thus, the required unit vector i &=£=i(f+5|2)=if+i|g
us, therequired unit vector 1s ‘E‘ \/% \/% \/% .

Example 2 Find a vector of magnitude 11 in the direction opposite to that of PQ,
where P and Q are the points (1, 3, 2) and (-1, 0, 8), respetively.

Solution The vector with initial point P (1, 3, 2) and terminal point Q (-1, 0, 8) is given by
PQ=(-1-1){+(0-3) j+(8-2) k =-27-3 j+6k

Thus QP =- PQ = 2i +3] -6k
0 |QP|=+/22 +3% +(-6)? =\/4+9+36 =+/49 =7

Therefore, unit vector in the direction of QP isgiven by

op= QP _2i+3j-6k
QP 7

Hence, the required vector of magnitude 11 in direction of QP is

_Dei+3f-6kO 22, 33: 6612
1n1op =11 H 7 A= 7' 71—7 .

Example 3 Find the position vector of apoint R which dividesthelinejoining thetwo
pointsPand Qwith positionvectors OP = 2@ +p and OQ = a@—-2p , respectively,
intheratio 1:2, (i) internally and (i) externally.

Solution (i) The position vector of the point R dividing thejoin of Pand Qinternaly in
theratio 1:2isgiven by

__ _2(2a+p)+1(a-2p)_5a
OR 142 3




208 MATHEMATICS

(i) The position vector of the point R’ dividing the join of P and Q in the ratio
1: 2 externally isgiven by

___ _2(2a+p)-1(3a-2b)
OR =i

=3d+4p.
Example4 Ifthe points (-1, -1, 2), (2, m,5) and (3,11, 6) arecollinear, find the valueof m
Solution Let the given points be A (-1, -1, 2), B (2, m,5) and C (3, 11, 6). Then
AB=(2+)i+M+1)j+(5B-2)k =37 +(m+1)] +3k
and AC=(B+D)T+11+1)j+(6-2)k = 4i+12] +4k.
SinceA, B, C, are collinear, wehave AB =\ A C,i.€,
(31 +(m+1) ]+ 3K)= A(45 +12] +4K)

O 3=4X and m+1=12A

Therefore m=8.

I

Example5 Findavector T of magnitude 3,/2 unitswhich makesan angle of 2 and

T
B with y and z - axes, respectively.

n 1 T
i = COS—=——= = — =
Solution Herem RN and n=cos 5 0.

Therefore, P+mP+n?=1 gives

12+£+0 =1
> =

O

I

-+
Sie
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Hence, the required vector T = 3./2 (I7 +m] +nk) isgiven by

Example6 If @ =20 —j+k, b= [+] - 2kand ¢={+ 3] - g, find A suchthat
aisperpendicularto Ab+¢.
Solution We have
A+ C=N({+j-2k)+({+3]-k)
=(A+1) [+(A+3)]-(@A+1) kK
Sncea OAb+C), a.Apb+¢C)=0
0@F-]+K).MA+D]+A+3) j-(A+Dk]=0

O2A+1)-(A+3) -(2A+1)=0
OA=-2

Example 7 Find all vectors of magnitude 10./3 that are perpendicular to the plane

of { +2j+k and —f +3]+4k .

Solution Let a={+2j+k and b = = +3]+4k . Then

Q)
X
Ol
I
= =

=1(8-3)-J(4+D+k(3+2) 5o 57 45k

W N —»
S~ 2 X

0 [axB|=y/(5)° +(-5)° +(5)” =/3(5)° = 5V3.
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Therefore, unit vector perpendicular tothe planeof g and b isgiven by

axb 5 -5]+5k

axs| 53

Hence, vectors of magnitude of 10./3 that are perpendicular to planeof 3 and b

(5 5] +5k 0

are ilmmg, ie, +10( - j+k).

LongAnswer (L.A.)

Example 8 Using vectors, prove that cos (A — B) = cosA cosB + sinA sinB.

Solution Let OP and OQ beunit vectors making anglesA and B, respectively, with
positive direction of x-axis. Then DQOP = A-B [Fig. 10.1]

Weknow OP = OM + MP={ cosA +jsinA and OO = ON + NQ={cosB +]sinB.
By definition OP. 0Q=OP) ‘6(\3‘ cos (A-B)

=cos (A-B) (D) (‘6?":1:‘6(\?‘)

In terms of components, we have

OP. 00 = (I cosA + JsinA).(i cosB+ jsinB) N
= COSA cosB + sinA sinB .. (2
P
From (1) and (2), we get :
cos (A — B) = cosA cosB + sinA sinB. % Q
X’ LTE r: LY
0 M N *

Y’ Fig. 10.1
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snA _sinB_sinC
b
magnitudes of the sides oppositeto verticesA, B, C, respectively.

Example 9 Provethatina/A ABC, ,wherea, b, crepresent the

Solution Let the three sides of the triangle BC, CA and AB be represented by
a,band¢ , respectively [Fig. 10.2].

We have a+b+c=0.i.e, d+b=-¢

which precrossmultiplyingby 3, and A

post crossmultiplying by p , gives

xB:Cx

a a
and axb=bx¢
respectively. Therefore,

dxb=bx¢=cx3 Fig. 10.2
0 |axb|=[pxc|=|cxal
0 |a[b|sin (-~ C)=[p]jc|sin (- A) =[c]alsin (- B)
0 absinC=bcsinA =casinB

Dividing by abc, we get

snC_sinA _sinB snA _sinB_sinC
N = e = =
c a b a b c

ObjectiveTypeQuestions

Choosethe correct answer fromthe given four optionsin each of the Examples10to 21.

Example 10 The magnitude of the vector 6 +2] +3k is
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(A) 5 | 7 © b 1
Solution (B) is the correct answer.

Example 11 The position vector of the point which divides the join of points with
position vectors d+b and 23-b intheratiol: 2is

35+2b 53-b 4a+b
B 5 C D
3 (B) a © 3 (D) 3

(A)

Solution (D) isthe correct answer. Applying section formula the position vector of
the required point is

2(a+b)+1(2a-b) _4a+b
2+1 3

Example 12 The vector with initial point P (2, -3, 5) and terminal point Q(3, -4, 7) is

(A)  T-]+2k (B) 5 -7]+12k

©  —i+j-2k (D)  Noneof these

Solution (A) isthe correct answer.

Example 13 The angle between the vectors { — | and |-k is

W 3 ® 3 © S O 3
a.b

Solution (B) isthe correct answer. Apply the formula cost = |a|.\6\ .

Example 14 Thevaueof A for which the two vectors 2 - j+2k and 37 +Aj +k
areperpendicular is

(A) 2 B) 4 © 6 (D 8
Solution (D) is the correct answer.
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Example 15 The area of the parallelogram whose adjacent sides are { +k and

20 + ] +k is

(A 2 (B) 3 © 3 (D) 4

Solution (B) isthe correct answer. Area of the parallelogram whose adjacent sides

are d andb is ‘ﬁxq.
Example 16 If |a]=8, [b| =3 and |axb|=12, then value of a.5 is
(A)  6/3 (B) 83 (O 123 (D) Noneof these

Solution (C) isthe correct answer. Using the formula ‘é x 5‘ ok ‘6‘ sinB|, we get

e:il['
6

Therefore, a6 = |a|{b|cos =8x 3 x ? =123.

Example 17 The 2 vectors j+k and 3 - +4k represents the two sides AB and
AC, respectively of aAABC. The length of the median through A is

(A) g (B) @ ©) J18 (D)  Noneof these

Solution (A) isthe correct answer. Median AD isgiven by

34

‘Aﬁ‘z %‘3f+j+5lz

Example 18 The projection of vector =2{ - j+k along b=i +2]+2K is
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2 1
A3 B 3 < 2 D) 6

Solution (A) is the correct answer. Projection of avector don b is

a. @ - j+k).(+2]+2k) 2

B - J+a+4 3

Example 19 If dandb are unit vectors, then what is the angle between zandb for

J33a-b tobeaunit vector?
(A) 30° (B) 45 (G 60 (D) 90°

Solution  (A) is the correct answer. We have

(/33-b)? =332 +b?-2./34b

0 cosB = 0 6=30°

NI

V3
2

Example 20 The unit vector perpendicular to the vectors i — j and { + j forming a
right handed system s

® -k © & O 5

~>

(A)

-
BIRE

Solution (A) isthecorrect answer. Required unit vector is

Example 21 If |4/=3 and —1<k<2, then |Kkd| liesin theinterval

(A)  [0,6] (B) [-3.6] © [368 DO I[12
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Solution (A) isthecorrect answer. Thesmallest valueof |ka| will exist at numerically

smallest value of k,i.e., a k = 0, which gives |ka|=[k|[al=0x3=0

The numerically greatest value of k is 2 at which |ka|=6.

10.3 EXERCISE
Short Answer (S.A.)

1.

10.
11.

Find the unit vector inthedirection of sumof vectors a=2 - j+k and b=2] +k..
If a=i+]+2k and b=2f + j -2k , find the unit vector in the direction of
(i)6b (i)  2a-b

Find a unit vector in the direction of % where P and Q have co-ordinates
(5,0, 8)and (3, 3, 2), respectively.

If aandb are the position vectors of A and B, respectively, find the position
vector of apoint Cin BA produced such that BC = 1.5 BA.

Using vectors, find the value of k such that the points (k, — 10, 3), (1, -1, 3) and
(3,5, 3) arecollinear.

A vector r isinclined at equal anglesto thethree axes. If the magnitudeof 1 is
24/3 units, find F .

A vector 1 has magnitude 14 and direction ratios 2, 3, — 6. Find the direction
cosines and components of 1, giventhat r makes an acute angle with x-axis.

Find avector of magnitude 6, which is perpendicular to both the vectors 2 - j +2k
and 4i - j+3k.

Find the angle between the vectors 2 — j+k and 3 +4] -k .
If 4+b+C=0,showthat Axb=bx&=¢x4. Interpret the result geometrically?

Find the sine of the angle between the vectors a=3 +j+2k and
b=2 —2]+4k.



216

12.

13.

14.

MATHEMATICS

If A, B, C, D are the points with position vectors | + jA—Iz, 2 - f+3l2,
20 -3k, 3 - 2] +k , respectively, find the projection of AB aong CD .

Using vectors, find the area of the triangle ABC with vertices A(1, 2, 3),
B(2,-1,4)and C(4,5,-1).

Using vectors, prove that the parallelogram on the same base and between the
same parallels are equal in area.

Long Answer (L.A.)

15.

16.

17.

18.

. . b?+c? - a?
Prove that in any triangle ABC, CosA :T , Where g, b, c are the

magnitudes of the sides opposite to the verticesA, B, C, respectively.

If &b,c determine the vertices of a triangle, show that

P .
> Hh xt+¢ xa+axbfgives the vector area of the triangle. Hence deduce the

condition that thethreepoints 3,b ,¢ arecollinear. Alsofind the unit vector normal
to the plane of thetriangle.

Show that area of the parallelogram whose diagonals are given by 3 and pis
jaxb

> Also find the area of the parallelogram whose diagonals are 2 - j +k

P+3]-k.

o

an

—

If a={+]+k and b=] -k, find avector ¢ suchthat x¢=b and &a.c=3.

Objective Type Questions

Choose the correct answer from the given four optionsin each of the Exercises from
19t0 33 (M.C.Q)

19.

The vector in the direction of the vector | —2] + 2k that has magnitude 9is

F—2]+2k

(A) F—2]+2K (B) 3

©) 3( -2 +2K) (D) 9 —2]+2k)



20.

21.

22.

23.

24,

25.
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The position vector of the point which dividesthejoin of points 23 -3b and a+b
intheratio3: 1is

33-2b 74a-8b
2

(A)

~ |8

3a
© ©

The vector having initial and terminal points as (2, 5, 0) and (=3, 7, 4), respectively
is

(A) —+12] + 4k (B) 5 +2j-4k

© ~5i +2] +4Kk (D) +]+k

Theangle between two vectors g and b with magnitudes /3 and 4, respectively,
and 3.b=23is

T Tt T 51t
(A) s (B) 3 © 2 (D) >

Find the value of A such that the vectors g=2{ +\j+k and b=i+2]+3k are
orthogonal

3 5
) o ® 1 © 5 O -3

Thevalue of A for which the vectors 3 -6 +k and 2/ —4] + Ak areparalel is

3 2
(A) 3 (B) 5 © 5 (D) 5

The vectors from origin to the points A and B are
a= 2 -3]+2k and b= 2 +3] +k ,respectively, thentheareaof triangle OAB is

1
() 30 B V25 (© 225 O V229
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26.

27.

28.

29.

30.

31.

32.

33.

MATHEMATICS

For any vector &, thevalueof (axi)?+(ax J)?+(axk)? isequal to
(A) a’ (B) 32 (C) 4& (D) 2@
It [a] =10, [b|=2and a.6=12, thenvalueof [axb| is

(A) 5 B 10 () 14 (D) 16

The vectors Ai +j+2k, i +Aj—k and 2 — ] + Ak are coplanar if

(A) A=-2 (B) A=0 (C) A=1 (D) A=-1

If &,b, ¢ areunitvectorssuchthat a+b + =0, thenthevalueof a.b+bc+cais
3

(A) 1 (B) 3 (© ~5 (D) None of these

Projection vector of 3 on p is

EB a.b a.b Oa.p 0.
‘25 ® F © g © ggtb

ﬁ)l:l
(o)

(A)

Ol

11

If &,b,c arethree vectors such that a+b+¢=0 and |d/=2, ‘5‘=3, |c|=5.
thenvalueof a.b+bc+ca is

(A) 0 (B) 1 © -19 (D) 38

If |a=4 and -3<A<2, thentherange of |Ad| is

(A) [0, 8] (B [-128](C) [0,12] (D) [812]
The number of vectors of unit length perpendicular to the vectors =27 + j + 2k
and b=]+k is

(A) one (B) two (C) three (D) infinite

Fill inthe blanksin each of the Exercisesfrom 34 to 40.

34.

The vector 3+ p bisects the angle between the non-collinear vectors 3 and

pif



35.

36.

37.

38.

39.

40.
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If 7.a=0,F.b=0, and F.c=0 for some non-zero vector f , then the value of
a.(bxc) is
The vectors 3:3i—2j+2|2 and p=_j-2k are the adjacent sides of a

parallelogram. The acute angle between its diagonalsis

Ll 1
The values of k for which |kd|<|a|and ka+§a is parallel to 5 holds true

are
The value of the expression ‘éx 5‘2 +(a.b)? is

12 —12 —~| .
If ‘a><b‘ +‘a.b‘ =144 and |a|=4, then ‘b‘ isequal to

~

If & isany non-zero vector, then (é.f)f+(é.f)i+(é.|2)k equals

State True or False in each of the following Exercises.

41.

42.

43.

44.

45.

If |a]= ‘5‘,then necessarily itimplies a=+b.

Position vector of apoint Pisavector whoseinitial pointisorigin.

If \a+6\=\a —5‘ , then the vectors 3 and p are orthogonal.

Theformula (a+b)?=a%+b?+2axb isvalid for non-zero vectors 3 and p .

If & and p are adjacent sides of arhombus, then 3 .p=0.

——enulll> @



